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Two uniformities U and V on a set X are said to be H-equivalent if their corresponding
Hausdorff uniformities on the set of all non-empty subsets of X induce the same topology.
The uniformity U is said to be H-singular if no distinct uniformity on X is H-equivalent
to U . The self-explanatory concepts of H-coarse, H-minimal and H-maximal uniformities
are deﬁned similarly.
It is well known that not all uniformities are H-singular. We show here that there is
a property which obstructs H-singularity: Every H-minimal uniformity has a base of
ﬁnite-dimensional uniform coverings. Besides, we provide an intrinsic characterization
of H-minimal uniformities and show that they are H-coarse. This characterization of H-
minimality becomes a criterion for H-singularity for all uniformities that are either
complete, uniformly locally precompact or proximally ﬁne (e.g., metrizable ones). Some
relevant properties which insure H-singularity are introduced and investigated in some
aspect.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
It will be more ﬂexible for our purpose to consider uniformities as were introduced by Weil, instead of Tukey’s coverings
approach; so in this paper uniformities will be systematically manipulated by means of their ﬁlters of entourages. Generally,
for undeﬁned concepts about uniform spaces, we refer to [5,9] or [11]. Let (X,U) be a uniform space and P0(X) the set of
all non-empty subsets of X . The Hausdorff uniformity H(U) on P0(X) induced by U has as a base the sets of the form
H(U ) = {(A, B) ∈ P0(X): A ⊂ U [B] and B ⊂ U [A]
}
,
where U ranges over all entourages of U . As usual, U [A] is the set of x ∈ X for which there exists a ∈ A such that (x,a) ∈ U ;
in case A = {a}, U [a] replaces U [A]. The topology on P0(X) corresponding to H(U) will be denoted by τH (U). A unifor-
mity V on X is said to be τH -ﬁner than U if the topology τH (V) is ﬁner than τH (U); if these two topologies are the same,
then U and V are said to be H-equivalent. The H-class of U is the set of all uniformities on X that are H-equivalent to U .
Deﬁnition 1.1. Let X be a set and let U be a uniformity on X .
(1) U is said to be H-singular if there is no distinct uniformity on X which is H-equivalent to U .
(2) U is H-minimal if it is minimal in its H-class.
(3) U is H-maximal if it is maximal in its H-class.
(4) U is H-coarse if it is the coarsest uniformity in its H-class.
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a set X are such that the “point” X in P0(X) (in fact in the subspace of non-empty closed subsets of X ) has the same
neighborhood system in τH (U) and τH (V), then U = V . Shortly after, various examples refuting Isbell’s claim were given
by D.H. Smith [12], J. Isbell [6], A.J. Ward [13] and A. Ivanov [7]. In Section 2, taking advantage of some well-known
results on distal structures established by M. Kosina and P. Ptàk in [8] and by J. Williams in [16], we shall point out that
every H-minimal uniformity has a base of ﬁnite-dimensional uniform coverings (Theorem 2.4). This provides in particular a
distinctive feature of H-singular uniformities.
Before going on to describe the main body of this work, let us note that by deﬁnition a basis of neighborhoods of every
A ∈ P0(X) in the topology τH (U) is given by sets of the form U+[A] ∩ U−[A], where U is a member of U and where
U+[A] = {B ∈ P0(X): B ⊂ U [A]
}
and
U−[A] = {B ∈ P0(X): A ⊂ U [B]
}
.
It follows easily from this that the uniformity U is τH -ﬁner than the uniformity V if and only if the following conditions
are satisﬁed:
(+) for each A ∈ P0(X) and V ∈ V , there exists U ∈ U such that U [A] ⊂ V [A];
(−) for each A ∈ P0(X) and V ∈ V , there exists U ∈ U such that for any B ∈ P0(X), A ⊂ V [B] whenever A ⊂ U [B].
The condition (+), as it is well known, means that the uniformity U is proximally ﬁner than V ; that is, every bounded
V-uniformly continuous function f : X → R is U -uniformly continuous. (We shall often deal with two or more uniformities
on the same set, so if the need arises, preﬁxes as U - or V- will be used to indicate which uniformity is concerned.) Thus, H-
equivalent uniformities have the same precompact modiﬁcation (or reﬂection). Let U p denote the precompact modiﬁcation
of U , that is, the uniformity on X generated by the class of real-valued bounded U -uniformly continuous functions on X .
It is a standard result of uniform spaces that U p is the ﬁnest precompact uniformity coarser than U ; see [5] or [9]. In
Section 3, inspired by A.J. Ward’s construction in [13] of his example that the standard uniformity of the Banach space ∞
is not H-singular, we establish that to each uniformity U corresponds a class Σ(U) of coarser H-equivalent modiﬁcations,
ﬁner than U p , playing an important role in our analysis of the H-class of U . It turns out that two uniformities U and V on
the same set X are H-equivalent if and only if U contains a member of Σ(V) and vice versa. This yields immediately that
H-minimal uniformities are in fact H-coarse.
In the context of H-equivalence, the analogues of precompactness in proximity theory seems to be “discrete semi-
Cauchyness”; this concept is introduced in Section 4. Theorem 4.3, the main result of Section 4, asserts that H-minimality,
(H-coarseness) and discrete semi-Cauchyness are equivalent, thereby obtaining a simple characterization of H-singularity
for proximally ﬁne (e.g. metrizable) uniformities.
Section 5 is devoted to complete uniformities. The main result asserts that the completion of every H-minimal (equiva-
lently, discretely semi-Cauchy) uniformity is H-singular. Thus, as for proximally ﬁne uniformities, discrete semi-Cauchyness
becomes a criterion of H-singularity for complete uniformities.
Interesting concepts arise in considering properties which are stronger than semi-Cauchyness and guaranteeing H-
singularity. Two properties of this sort are investigated in Section 6, namely discrete precompactness and discrete com-
pactness. It is shown, for instance, that every locally compact topological group is discretely compact when endowed with
either the left uniformity, the right uniformity or the lower bound of these two uniformities. The ﬁnal section contains
several illustrating facts, among which we mention the result that H-minimal locally uniformly precompact uniformities are
discretely precompact, thus H-singular.
To end this introduction let us mention that this work is inﬂuenced by two papers by A.J. Ward on the subject, namely
[13,14]; in particular, the following result proved in [14, Theorem 1] is our basic tool.
Theorem 1.2. The uniformity U is τH -ﬁner than V if and only if the following conditions hold:
(a) U is proximally ﬁner than V ,
(b) for every V-uniformly discrete E ⊂ X and every V ∈ V , there exists U ∈ U such that U ∩ (E × X) ⊂ V (that is, U [x] ⊂ V [x] for
each x ∈ E).
It would have been quite possible to take in place of Theorem 1.2 the following statement proved by F. Albrecht in [1]:
The uniformity U is τH -ﬁner than V if and only if for every E ⊂ X (not necessarily V-uniformly discrete) and every V ∈ V
there exists U ∈ U such that: U [E] ⊂ V [E] and for every x ∈ E there exists an y ∈ E such that U [y] ⊂ V [x].
2. Preliminary results
Let A be a collection of subsets of X × X . A subset E of X is said to be A-discrete (or A-uniformly discrete, if A is
a uniformity) if there is A ∈ A such that whenever x, y ∈ E and x ∈ A[y] then x = y; the set E is then said to be A-
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of Theorem 1.2) is used to obtain 2.2 below.
For given collections A and B of subsets of X × X , let A◦B stands for the collection of the sets of the form A ◦ B , A ∈ A
and B ∈ B, where A ◦ B is the set of all (a,b) ∈ X × X for which there is x ∈ X such that (a, x) ∈ A and (x,b) ∈ B .
Proposition 2.1. The uniformity U is τH -ﬁner than V if and only if U is proximally ﬁner than V and at least one of the following
condition holds:
(i) for any V 2-discrete subset E of X , where V ∈ V , there exists U ∈ U such that E is U ◦ V -discrete;
(ii) every V-uniformly discrete subset of X is U ◦ V-discrete.
Proof. Suppose that U is τH -ﬁner than V and let us show that (i) is satisﬁed. Let E ⊂ X be a V 2-discrete set, where V ∈ V .
Since E is V-discrete, it follows from Theorem 1.2 that there is U ∈ U such that U ∩ (E × X) ⊂ V . Let x, y ∈ E be such
that (x, y) ∈ U ◦ V and let us verify that x = y. Let a ∈ X so that (x,a) ∈ U and (a, y) ∈ V ; then (x,a) ∈ U ∩ (E × X), hence
(x,a) ∈ V and consequently (x, y) ∈ V 2. Since E is V 2-discrete, we obtain x = y.
Conversely, suppose that U is proximally ﬁner than V and condition (ii) is satisﬁed. We prove that U is τH -ﬁner than V
by showing that condition (b) in Theorem 1.2 holds; the proof of the proposition will be complete since (i) implies (ii). Let
E ⊂ X be a V -discrete set with V ∈ V . By (ii), and since U is proximally ﬁner than V , there exist V1 ∈ V and a symmetric
U ∈ U so that E is U ◦ V1-discrete and U [E] ⊂ (V1 ∩ V )[E]. Let us verify that U ∩ (E × X) ⊂ V . Let (x, y) ∈ U ∩ (E × X).
Then y ∈ U [E], hence y ∈ (V1 ∩ V )[E]; let z ∈ E be such that (y, z) ∈ V1 ∩ V . Then (x, z) ∈ U ◦ V1; since x, z ∈ E and E is
U ◦ V1-discrete, it follows that x = z, which implies (y, x) ∈ V . Since V can be chosen symmetric, the proof is ﬁnished. 
Clearly, if U is coarser than V , then item (ii) in Proposition 2.1 (like condition (b) in Theorem 1.2, as mentioned in [14])
is equivalent to saying that V-uniformly discrete sets are U -uniformly discrete.
The next statement is used below to show that there is a connection between H-equivalence of uniformities and distal
structures (Theorem 2.3). Recall that a family (Ai)i∈ J of subsets of a uniform space (X,U) is said to be uniformly discrete
if there is U ∈ U such that Ai ∩ U [A j] = ∅ implies i = j. The uniformity U is distally ﬁner than V if every V-discrete family
is U -uniformly discrete.
Proposition 2.2. Let U and V be two uniformities on X and suppose that U is distally ﬁner than V . Then, the uniformity U is τH -ﬁner
than V .
Proof. Clearly, U is proximally ﬁner than V . To conclude, it suﬃces to show that item (ii) in Proposition 2.1 is satisﬁed.
Let E be a V-uniformly discrete subset of X and let us show that E is U ◦ V-discrete. Let V ∈ V be a symmetric entourage
such that E is V 3-discrete. Let Ax = V [x] for every x ∈ E; then the family (Ax)x∈E is V-uniformly discrete, thus U -uniformly
discrete. Let U ∈ U be a symmetric entourage such that (Ax)x∈E is U -discrete. Let x, y ∈ E and suppose that (x, y) ∈ U ◦ V ;
there is a ∈ X such that (x,a) ∈ U and (a, y) ∈ V ; we have a ∈ V [y] ∩ U [x] ⊂ Ay ∩ U [Ax], hence x = y. 
The converse of Proposition 2.2 is false as the following example shows.
Example 2.3. Let X be a set of cardinal > 2ℵ0 , U the uniformity on X generated by the countable partitions of X and V
the uniformity generated by the countable partitions on X with at most ﬁnitely many class of the same cardinal as X . Then
U p = V p (this is the uniformity generated by ﬁnite partitions) and U and V have the same discrete sets (the countable
subsets of X ). Since V ⊂ U , it follows from Theorem 1.2 that U are V are H-equivalent. On the other hand, it is proved
in [10] that V is distally ﬁne; in particular U and V are not distally equivalent.
Proposition 2.2 can be used to produce additional pairs of distinct H-equivalent uniformities.
Theorem 2.4. Every H-minimal uniformity has a base of ﬁnite-dimensional coverings.
Proof. Indeed, the ﬁnite-dimensional (uniform) coverings1 of a uniform space (X,U) form a base of a uniformity U
which is coarser and distally equivalent to U ; furthermore, the equality U = U holds if and only if U has a base consisting
of ﬁnite-dimensional coverings; see [16,8]. In view of Proposition 2.2, U and U are H-equivalent. Thus any uniformity
without a base of ﬁnite-dimensional coverings is not H-minimal. 
The converse of Theorem 2.4 is false: the uniformity U in Example 2.3 is 0-dimensional but not H-minimal. On the other
hand, it is proved in [15, Theorem 4] that every complete metrizable uniformity with a basis of star-bounded coverings is
1 Because it is not explicitly used here, we refer to [5] for the deﬁnition of a ﬁnite-dimensional covering.
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of star-bounded coverings and uniformities with a basis of ﬁnite-dimensional coverings.
3. H -minimal uniformities are H -coarse
A.J. Ward showed in [13] that the metric uniformity U∞ of the usual Banach space ∞ is not H-singular by making
from U∞ a uniformity Uw∞ which he proved to be H-equivalent and different from U∞ . An easy adaptation of Ward’s
construction shows that any uniformity U on X can be modiﬁed to get a class of uniformities on X which are coarser and
H-equivalent to U . This modiﬁcation is described in detail below.
Let (X,U) be a uniform space, A ⊂ X a uniformly discrete set and U ∈ U a symmetric entourage such that A is U 3-
discrete. Proceeding as in [13], we shall associate to the pair {A,U } a class of pseudo-metrics on X as follows. First, for every
uniformly continuous pseudo-metric on X compatible with U , that is to say, d  1 and {(x, y) ∈ X × X: d(x, y) < 1} ⊂ U , let
hA,U ,d : X → [0,1] be the function deﬁned by hA,U ,d(x) = 1−d(x, A). Next, for any (x, y) ∈ X × X , deﬁne ρA,U ,d(x, y) by the
rules:
– ρA,U ,d(x, y) = |d(x, A) − d(y, A)|, if there is a ∈ A such that x ∈ U [a] and y ∈ U [a];
– ρA,U ,d(x, y) = hA,U ,d(x) + hA,U ,d(y), if the above condition on the pair {x, y} is not satisﬁed.
Note that in the ﬁrst case, the point a ∈ A is unique and ρA,U ,d(x, y) = |d(x,a) − d(y,a)|.
To simplify, write ρ and h in place of ρA,U ,d and hA,U ,d . The next assertions (A), (B) and (C) are the basic properties of
the mapping ρ .
(A) ρ is a pseudo-metric on X . We only verify the triangle inequality. Let x, y, z ∈ X . There are two cases to handle:
z /∈ U [A] and z ∈ U [A]:
(i) z /∈ U [A]: In this case h(z) = 0, ρ(x, z) = h(x) and ρ(y, z) = h(y). If ρ(x, y) = h(x)+h(y), then ρ(x, y) = ρ(x, z)+ρ(z, y).
If there is a ∈ A such that {x, y} ⊂ U [a], then, since d(x,a)  1, we have ρ(x, y) = |d(x,a) − d(y,a)|  2 − d(x,a) −
d(y,a) = h(x) + h(y).
(ii) There is a ∈ A such that z ∈ U [a]: Since x and y play a symmetric role, we only have to examine the cases x ∈ U [a],
x /∈ U [A], and {x, y} ⊂ U [b] with b ∈ A \ {a}.
(a) x ∈ U [a]: We have ρ(x, z) = |d(x,a)− d(z,a)|. If y ∈ U [a], the desired inequality follows from the triangle inequality
of d. If y /∈ U [a], then ρ(x, y) = h(x)+h(y) and ρ(y, z) = h(y)+h(z); so we have 1−d(x,a) 1−d(z,a)+|d(x,a)−
d(z,a)|, hence ρ(x, y) ρ(x, z) + ρ(z, y).
(b) x /∈ U [A] (and y /∈ U [a]): We have ρ(x, y) = h(x) + h(y) h(x) + h(y) + 2h(z) = ρ(x, z) + ρ(z, y).
(c) {x, y} ⊂ U [b] with b ∈ A \ {a}: We have ρ(x, y) = |d(x,b) − d(y,b)|  1 − d(x,b) + 1 − d(y,b) = h(x) + h(y) (recall
that d 1) and ρ(x, z) + ρ(z, y) = 2h(z) + h(x) + h(y).
(B) The set A is ρ-discrete. Let x, y be two distinct members of A. Then ρ(x, y) = h(x) + h(y); indeed, if for some a ∈ A it
happens that x ∈ U [a] and y ∈ U [a], then x ∈ U2[y] and thus x = y. Since d(x, A) = d(y, A) = 0, it follows that ρ(x, y) = 2.
(C) The pseudo-metric ρ is U -uniformly continuous. It suﬃces to prove the inclusion
U ∩ {(x, y) ∈ X × X: ∣∣d(x, A) − d(y, A)∣∣< ε}⊂ {(x, y) ∈ X × X: ρ(x, y) < ε}
for ε > 0. Let (x, y) ∈ U be such |d(x, A) − d(y, A)| < ε. If x and y are outside of U [A], then ρ(x, y) = 0. If x, y ∈ U [A],
then since A is U3-discrete, there is a ∈ A such that x, y ∈ U [a]; in this case ρ(x, y) = |d(x, A) − d(y, A)| < ε. Finally, if (for
example) x ∈ U [a] with a ∈ A and y /∈ U [A], we argue as follows: ρ(x, y) = h(x) + h(y) = 1− d(x,a) = d(y, A) − d(x, A) < ε.
Remark 3.1. Recall that the metric Hedgehog H(A) over a set A is the set of all (a, s), a ∈ A, 0 s 1, A×{0} being reduced to
a single point, with the metric dA((a, s), (b, t)) = |s− t| if a = b and d((a, s), (b, t)) = s+ t if a = b. Let A ⊂ X be a non-empty
uniformly discrete subset of the uniform space (X,U). Suppose that A is U3-discrete, where U ∈ U is symmetric, and let
d be a uniformly continuous pseudo-metric compatible with U . Let a0 ∈ A. Consider the mapping φ : X → H(A) deﬁned by
φ(x) = (a0,0) if x /∈ U [A] and φ(x) = (ax,1 − d(x,ax)) if x ∈ U [A], where ax is the (unique) a ∈ A such that x ∈ U [a]. It is
easy to check that the mapping φ : (X,ρA,U ,d) → (H(A),dA) is an isometry.
Throughout the rest of this paper, without distinction (but taking care to avoid confusion), we shall equally denote by
(Ai)i∈I the collection of all U -discrete subsets of any given uniform space (X,U). A U -system is a family σ = (Ui)i∈I of
entourages, where for each i ∈ I the set Ai is U3i -discrete. For such a system σ = (Ui)∈I , we denote by Uσ the coarsest
uniformity on X containing U p and making uniformly continuous all the pseudo-metrics of the form ρAi ,Ui ,di , where for
each i ∈ I , di is a pseudo-metric compatible with Ui . The symbol Σ(U) stands for the set of all uniformities Uσ , where σ
is a U -system.
Proposition 3.2. The uniformity U is ﬁner and H-equivalent to every member of Σ(U).
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follows that U and Uσ induce the same proximity on X . Consequently, it follows from the property (B) above, and then
from Theorem 1.2, that U and Uσ are H-equivalent. 
To establish Proposition 3.4 below we need an auxiliary lemma.
Lemma 3.3. Let U and V be two H-equivalent uniformities on X. Let A ⊂ X be a U -uniformly discrete (equivalently, V-uniformly
discrete) set. Then, for every U ∈ U , there exist V1 ∈ V and U1 ∈ U such that V1 ◦ U1 ∩ (X × A) ⊂ U .
Proof. Choose a symmetric W ∈ U such that W 2 ⊂ U . Following Theorem 1.2, choose again a symmetric V ∈ V such that
V ∩ (A × X) ⊂ W ; it follows that W ◦ V ∩ (X × A) ⊂ W 2. Let V1 ∈ V be a symmetric entourage such that V 21 ⊂ V . Repeating
the same argument, choose U1 ∈ U such that V1 ◦U1 ∩ (X × A) ⊂ V 21 . Then V1 ◦U1 ∩ (X × A) ⊂ V 21 ∩ (X × A) ⊂ V ∩ (X × A) ⊂
W ◦ V ∩ (X × A) ⊂ W 2 ⊂ U . 
Proposition 3.4. For each uniformity V on X which is H-equivalent to U , there is a W ∈ Σ(U) such that W ⊂ V .
Proof. For each U -discrete set Ai ⊂ X , let Wi ∈ U be a symmetric entourage such that Ai is W 3i -discrete, and choose by
Lemma 3.3 two symmetric entourages Vi ∈ V and Ui ∈ U such that Ui ⊂ Wi and Vi ◦ Ui ∩ (X × Ai) ⊂ Wi . Put σ = (Ui)i∈I
(note that Ai is U3i -discrete). We show that Uσ ⊂ V . To do that, it suﬃces to prove that the pseudo-metric ρi = ρAi ,Ui ,di isV-uniformly continuous for every U -uniformly continuous pseudo-metric di compatible with Ui . Let ε > 0 and put
V = Vi ∩
{
(x, y) ∈ X × X: ∣∣d(x, Ai) − d(y, Ai)
∣∣< ε
}
.
The set V belongs to V since V is proximally ﬁner than U . Let (x, y) ∈ V and let us verify that ρi(x, y) < ε. Let hi = hAi ,Ui ,di .
If hi(x) = 0, then di(x, Ai) < 1, hence there is a ∈ Ai such that x ∈ Ui[a], which implies that y ∈ Vi ◦ Ui[a]. First, suppose
that y ∈ Ui[Ai] and choose b ∈ Ai such that (y,b) ∈ Ui . Since (y,a) ∈ Vi ◦ Ui ∩ (X × Ai) ⊂ Wi , we obtain (a,b) ∈ W 2i , thus
a = b because Ai is W 2i -discrete. It follows (by the deﬁnition of ρi) that ρi(x, y) = |di(x, Ai) − di(y, Ai)| < ε.
If y /∈ Ui[Ai], then di(y, Ai) = 1 and ρi(x, y) = hi(x) + hi(y) = hi(x) = 1 − di(x,a); thus ρi(x, y) = di(y, Ai) − di(x, Ai) =
|di(x, Ai) − di(y, Ai)| < ε.
The case hi(y) = 0 is similar. Finally, ρi(x, y) = 0 in case hi(x) = hi(y) = 0. 
Proposition 3.5. Let U and V be two uniformities on X. Then U and V are H-equivalent if and only if U is ﬁner than some member
of Σ(V) and V is ﬁner than some member of Σ(U).
Proof. The necessity condition follows from Proposition 3.4. Conversely, suppose that Uσ ⊂ V , where σ is a U -system. Then
U p ⊂ Uσ ⊂ V . Let A ⊂ X be a U -discrete set and U ∈ U . Then, by Theorem 1.2 (applied to U and Uσ ), there is V ∈ Uσ
such that V ∩ (X × A) ⊂ U . Since V ∈ V , it follows that V is τH -ﬁner than U . The same argument shows that U is τH -ﬁner
that V . 
Corollary 3.6. Every H-minimal uniformity is H-coarse.
Proof. Suppose that U is an H-minimal uniformity on X and let V be a second uniformity on X which is H-equivalent
to U . It follows from Proposition 3.5 that W ⊂ V for some W in Σ(U). Since W is coarser than U and H-equivalent to U
(Proposition 3.2), it follows from the H-minimality of U that U = W . Thus U ⊂ V . This shows that U is H-coarse. 
4. A characterization of H -coarse uniformities: Discrete semi-Cauchyness
The main object of this section is to characterize H-minimal (equivalently, H-coarse) uniformities. Let U be a uniformity
on X and let U ∈ U . A subset Y of X is said to be U-modest if for some positive integer n it is possible to write Y =
X1 ∪ X2 ∪ · · · ∪ Xn , with Xi × Xi ⊂ U for every i = 1, . . . ,n. Following [5], a ﬁlter basis F on X is said to be semi-Cauchy if
for every U ∈ U , some member of F is U -modest. This concept as deﬁned in [5, p. 31] concerns only proper ﬁlters F (i.e.,
∅ /∈ F ); however, for our purpose it is convenient to allow semi-Cauchy ﬁlters to include the empty set.
Recall that (Ai)i∈I stands for the discrete structure of a given uniform space (X,U) (that is, the collection of all uniformly
discrete subsets of X ).
Deﬁnition 4.1. The uniform space (X,U) is called discretely semi-Cauchy if the following property holds:
(∗) for every family (Ui)i∈I ⊂ U , the ﬁlter basis {X \⋃i∈ J U i[Ai]: J ⊂ I ﬁnite} is semi-Cauchy.
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always suﬃcient to check that the property (∗) is satisﬁed by a subcollection of (Ai)i∈I .
The main result of this section is the following.
Theorem 4.3. Let U be a uniformity on X. Then the following are equivalent:
(i) U is H-minimal,
(ii) Σ(U) = {U},
(iii) U is discretely semi-Cauchy.
Proof. The fact that (i) implies (ii) follows from Proposition 3.2. To show that (ii) implies (iii), suppose that (∗) is not
satisﬁed by U and let us show that there is a U -system σ such that U = Uσ . Let U ∈ U and (Ui)i∈I ⊂ U violating (∗), that is
X \⋃i∈ J U i[Ai] is not U -modest for any ﬁnite set J ⊂ I . We suppose without loss of generality that each Ai is U3i -discrete.
(Recall that (Ai)i∈I stands for the family of all U -uniformly discrete subsets of X .) We are going to show that U /∈ Uσ , where
σ = (Ui)i∈I . To do that, let J ⊂ I be a ﬁnite set, for each j ∈ J let (dk, j)k∈I j be a ﬁnite family of U -uniformly continuous
pseudo-metrics compatible with U j , and let f1, . . . , fn be a ﬁnite sequence of bounded U -uniformly continuous real-valued
functions (deﬁned on X ); take ε > 0 and let V be the intersection of the sets
n⋂
i=1
{
(x, y) ∈ X × X: ∣∣ f i(x) − f i(y)
∣∣< ε
}
and
⋂
j∈ J
⋂
k∈I j
{
(x, y) ∈ X × X: ρk, j(x, y) < ε
}
.
Here, ρk, j stands for the pseudo-metric ρA j ,U j ,dk, j ; cf. Section 3. Entourages of the form V give a basis of Uσ ; so, to conclude,
it suﬃces to show that V ⊂ U .
Since the functions f1, . . . , fn are U -uniformly continuous and bounded, for some integer m > 0 one can write X = X1 ∪
· · · ∪ Xm , where for every l = 1, . . . ,m and x, y ∈ Xl we have | f i(x) − f i(y)| < ε for all i ∈ {1, . . . ,n}. By our assumption, the
set Y = X \⋃ j∈ J U j[A j] is not U -modest; thus, there are l ∈ {1, . . . ,m} and x, y ∈ Xl ∩ Y such that (x, y) /∈ U . On the other
hand, letting hk, j denote the function corresponding to ρk, j , for every j ∈ J and k ∈ I j we have ρk, j(x, y) = hk, j(x)+ hk, j(y)
and hk, j(x) = hk, j(y) = 0, because {x, y} ∩ U j[A j] = ∅. It follows that (x, y) ∈ V , hence V ⊂ U .
To establish that (iii) implies (i), let V ⊂ U be a uniformity on X in the H-class of U and let us verify that U ⊂ V . Let
U ∈ U be a symmetric entourage. For each i ∈ I , there is (by Theorem 1.2) a symmetric V i ∈ V such that V 2i ∩ (X × Ai) ⊂ U .
Since U satisﬁes (∗), there is a ﬁnite set J ⊂ I such that the set Y = X \⋃i∈ J V i[Ai] is U -modest. Write Y = X1 ∪ · · · ∪ Xn
with Xi × Xi ⊂ U for every i = 1, . . . ,n. Since U p ⊂ V p (Theorem 1.2), there is a symmetric W ∈ V such that W [Xi] ⊂ U [Xi]
for every i = 1, . . . ,n. Put
V = W ∩
⋂
i∈ J
V i,
and to conclude let us verify that V ⊂ U2. Let (x, y) ∈ V . If x ∈ Y , for example if x ∈ Xi , then y ∈ U [Xi]; let x′ ∈ Xi be such
that (y, x′) ∈ U . Then (x′, x) ∈ U , hence (y, x) ∈ U2. If x /∈ Y , then x ∈ Vi[Ai] for some i ∈ J ; choose in this case a ∈ Ai such
that (x,a) ∈ Vi . Then (y,a) ∈ V 2i ; since V 2i ∩ (X × Ai) ⊂ U , it follows that (x,a) ∈ U and (y,a) ∈ U , hence (x, y) ∈ U2. 
Recall that a uniformity U on X is called proximally ﬁne if V ⊂ U for each uniformity V on X such that V p = U p .
Corollary 4.4. Let U be a proximally ﬁne uniformity. Then U is H-singular if and only if U is discretely semi-Cauchy.
Proof. By Theorem 1.2, every proximally ﬁne uniformity is the ﬁnest uniformity in its H-class. If U is discretely semi-Cauchy,
then by Theorem 4.3, U is H-minimal thus H-singular. 
It is well known that metrizable uniformities are proximally ﬁne. Therefore, the following special case of Corollary 4.4
characterizes H-singular uniformities among metrizable ones.
Corollary 4.5. Let U be a metrizable uniformity. Then U is H-singular if and only if U is discretely semi-Cauchy.
We need the following to establish Example 4.7 below. If U and V are two uniformities on the same set, we denote by
U ∨ V their supremum.
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X \⋃i∈ J Ai is U -modest. Then, for every precompact uniformity V on X, the uniformity U ∨ V is H-minimal. In particular, U is
H-minimal.
Proof. We prove that U ∨ V is H-minimal by showing that it is discretely semi-Cauchy with respect to the family (Ai)i∈I
of U -discrete sets; this will imply that U ∨ V is discretely semi-Cauchy (see Remark 4.2), hence H-minimal by Theorem 4.3.
To do that, take (Vi)i∈I ⊂ U ∨ V , U ∈ U , V ∈ V and let us show that for some ﬁnite set J ⊂ I , the set X \⋃i∈ J V i[Ai] is
U ∩ V -modest. By hypothesis, there is a ﬁnite set J ⊂ I such that X \⋃i∈ J Ai is U -modest, that is X \
⋃
i∈ J Ai ⊂ Y1 ∪· · ·∪Yn ,
where for each 1 l  n, Yl ⊂ X and Yl × Yl ⊂ U . It is also possible to write X = X1 ∪ · · · ∪ Xm with Xl × Xl ⊂ V for each
1 lm. Then X \⋃i∈ J V i[Ai] ⊂ X \
⋃
i∈ J Ai and for every 1 l n, 1 km and x, y ∈ (X \
⋃
i∈ J A j)∩ Yl ∩ Xk , we have
(x, y) ∈ U ∩ V . 
For a uniformity U on X , let ∧Σ(U) (respectively, ∨Σ(U)) denote the inﬁmum (respectively, the supremum) of Σ(U).
Then
∧
Σ(U) ⊂∨Σ(U) ⊂ U and the uniformity ∨Σ(U) is H-equivalent to U . It follows from Remark 3.1 that ∨Σ(U) ⊂
U ; the equality ∨Σ(U) = U holds in some particular cases, e.g. if U is 0-dimensional, but we do not know if this
equality holds in general. Recall that U is the distal modiﬁcation of U , that is the coarser uniformity making uniformly
continuous all uniformly continuous mappings from (X,U) to metric Hedgehog spaces; see [8].
Example 4.7. Let F be a non-principal ﬁlter on X and let UF be the ﬁlter uniformity on X generated by the entourages of
the form UF = ∪ (F × F ), where  is the diagonal of X × X and F ∈ F . It is easy to check that the uniformity UF satisﬁes
to the conditions in Proposition 4.6 with respect to the collection of all uniformly discrete sets (which coincides here with
the ideal {X \ F : F ∈ F}). Now, suppose that X is uncountable and F is the ﬁlter of all co-countable sets in X . Let V be the
uniformity generated by all countable partitions of X . Then
(a) UF ∨ V p and V are H-equivalent;
(b) V = V =∨Σ(V).
It follows from (a) that UF ∨ V p is H-minimal (Proposition 4.6) but not H-singular and from (b) that ∨Σ(V) =∧Σ(V),
since
∧
Σ(V) ⊂ U ∨ V p (Proposition 3.4).
Comment. It was established in a previous version of this paper that “
∨
Σ(U) is the coarsest uniformity in the H-class
of U” (which is equivalent to ∨Σ(U) =∧Σ(U) or to saying that ∧Σ(U) is H-equivalent to U ). This provided us with a
modiﬁcation
∨
Σ(U) having—roughly speaking—all the requisites to do in H-equivalence what the precompact modiﬁcation
did in proximity theory. One of the referees of the paper discovered a gap in the proof of this “previous statement”; now,
Example 4.7(b) is here to refute it. A second referee observed that
∨
Σ(U) is just U (the distal modiﬁcation of U ).
Anyway, it is clear by Example 4.7(b) that the desired modiﬁcation for H-equivalence, if it exists, cannot be . In conclusion,
it remains open if whether U and ∧Σ(U) are H-equivalent or not.
5. H -singularity
Example 4.7 shows that not all H-minimal uniformities are H-singular; despite of this, Theorem 4.3 suggests two relevant
observations going in the opposite direction. First, one can conclude that a uniformity U on X is H-singular if (and only if)
all uniformities in its H-class are discretely semi-Cauchy. One way of phrasing this is as follows: let [U ] be the union of the
H-class of U (and remember that (Ai)i∈I stands for the family of U -uniformly discrete subsets of X ); then U is H-singular
if and only if for every W ∈ [U ] and (Vi)i∈I ⊂ U , there is a ﬁnite set J ⊂ I such that X \⋃i∈ J V i[Ai] is W -modest. The
problem is whether this property can be formulated in terms of U (not of all [U ]). The next result implies that this is
possible if the uniformity U is assumed to be complete.
Proposition 5.1. Let U and V be two uniformities on X such that V p ⊂ U p and such that every U -uniformly discrete subset of X is
V-uniformly discrete. Suppose that U is complete and discretely semi-Cauchy. Then V is discretely semi-Cauchy too.
Proof. The proof uses the following well-known fact (see [5, p. 31]): Every proper semi-Cauchy ﬁlter in a complete uniform
space (X,U) is convergent in P0(X) to a compact set with respect to τH (U).
According to Remark 4.2, to establish that V is discretely semi-Cauchy, it suﬃces to show that V satisﬁes (∗) with respect
to the family (Ai)i∈I of all U -uniformly discrete subsets of X . Let (Vi)i∈I be a family of entourages in V . Since V p ⊂ U p , for
each i ∈ I there is Ui ∈ U such that Ui[Ai] ⊂ Vi[Ai]. We suppose that there is no ﬁnite set J ⊂ I such that X =⋃i∈ J V i[Ai]
(for otherwise the proof is ﬁnished); in this case, sets of the form X \⋃i∈ J U i[Ai], where J ⊂ I is ﬁnite, form a base of
a proper semi-Cauchy ﬁlter F on X (recall that U is discretely semi-Cauchy). Since the uniformity U is complete, F is
τH (U)-convergent to a compact set K ⊂ X . Now, let V ∈ V be a symmetric entourage and let us show that F contains a
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convergent to K , there is a ﬁnite set J ⊂ I such that X \⋃i∈ J U i[Ai] ⊂ U [K ] ⊂ V1[K ]. The set X \
⋃
i∈ J U i[Ai] belongs to F ;
to conclude, we show that it is V -modest. Since K is V-precompact (as V p ⊂ U p , K is in fact compact with respect to the
topology induced by V), it follows that K ⊂⋃in V1[xi] for some ﬁnite sequence x1, . . . , xn ∈ X . Let Xi = V 21 [xi], i = 1, . . . ,n.
Then Xi × Xi ⊂ V 41 ⊂ V for each i = 1, . . . ,n and X \
⋃
i∈ J U i[Ai] ⊂ V1[K ] ⊂
⋃
in Xi . 
The following is now an immediate consequence of Proposition 5.1 and Theorem 4.3.
Theorem 5.2. Let U be a complete uniformity on X. Then U is H-singular if and only if U is discretely semi-Cauchy.
Proposition 5.3. Let (X,U) be a uniform space and Y a dense subspace of X . Suppose that the uniformity UY induced on Y by U is
discretely semi-Cauchy. Then U is discretely semi-Cauchy.
Proof. We show that X is discretely semi-Cauchy with respect to the family (Ai)i∈I of all UY -uniformly discrete subsets
of Y (see Remark 4.2). Let (Vi)i∈I be a family of entourages of X . Then, for a given entourage V ∈ U , there exists a ﬁnite set
J ⊂ I such that the set
E = Y \
⋃
i∈ J
(Vi ∩ Y × Y )[Ai]
is V ∩ (Y × Y )-modest. This implies that the closure E of E in X is V 3-modest. To conclude, it suﬃces to verify that the set
X \⋃i∈ J V 2i [Ai] is contained in E . To do that, let x ∈ X \
⋃
i∈ J V 2i [Ai], let W be a symmetric entourage of X and let us show
that x ∈ W [E]; we suppose without loss of generality that W ⊂⋂i∈ J V i . Since Y is dense in X , there exists y ∈ Y such that
y ∈ W [x]. It follows that y /∈⋃ j∈ J V j[A j], hence y ∈ E and, consequently, x ∈ W [E]. 
It is proved by G. Hitchcock in [4, Corollary 3] that every uniform space containing a dense H-singular uniform subspace
is H-singular. In particular, the completion of every H-singular space is H-singular. This last result can be sharpened as
follows:
Corollary 5.4. Let (X,U) be a discretely semi-Cauchy uniform space. Then every complete uniform space containing X as a dense
uniform subspace is H-singular; in particular, the completion of U is H-singular.
Proof. This follows from Theorem 5.2 and Proposition 5.3. 
The second observation, suggested by Theorem 4.3, is that H-invariant properties that are stronger than (∗) ensure
H-singularity. In order to illustrate this, we propose to discuss the following relevant property. Say that a uniformity U
satisﬁes (∗∗) if
for every (Vi)i∈I ⊂ U there is a precompact set E ⊂ X such that for each U ∈ U there is a ﬁnite set J ⊂ I so that X \⋃i∈ J V i[Ai] ⊂
U [E].
Clearly (∗∗) is stronger than (∗). An equivalent way to formulate (∗∗) is to say that for every (V i)i∈I ⊂ U , if the ﬁlter
generated by the sets X \⋃i∈ J V i[Ai], J ⊂ I ﬁnite, is proper, then it converges in P0(X) with respect to τH (U) to a
precompact subset of X .
Proposition 5.5. Suppose that U and V are two uniformities on X having the same uniformly discrete sets and that V p ⊂ U p . If
U satisﬁes (∗∗), then so is V . In particular, the property (∗∗) is an H-invariant.
Proof. Let (Ui)i∈I ⊂ V and V ∈ V . For every i ∈ I , there is Ui ∈ U such that Ui[Ai] ⊂ Vi[Ai]. (Here, (Ai)i∈I stands for the
family of all U -uniformly discrete subsets of X .) Let E ⊂ X be a U -precompact set for which (∗∗) is satisﬁed by (Ui)i∈I , and
note that E is V-precompact. Let U ∈ U so that U [E] ⊂ V [E]; there is a ﬁnite set J ⊂ I such that X \⋃i∈ J U i[Ai] ⊂ U [E],
hence X \⋃i∈ J V i[Ai] ⊂ V [E]. Consequently, (∗∗) is satisﬁed by V . 
Since (∗∗) is an H-invariant and is stronger than (∗), the following is a consequence of Theorem 4.3 and Proposition 5.5:
Theorem 5.6. Every uniformity satisfying (∗∗) is H-singular.
Remark 5.7. The proof of Proposition 5.1 shows that every complete discretely semi-Cauchy uniformity satisﬁes (∗∗). This is
in fact the right explanation of why H-minimal complete uniformities are H-singular.
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In this section we shall introduce and investigate two additional properties which insure H-singularity. As for (∗∗),
the idea is to strengthen the property (∗) so that the resulting property becomes an H-invariant. There are two (others)
natural ways to do this. First, one can require that the “modest part” in (∗) is a precompact set, hence U -modest for every
entourage U in U . The second one is a kind of compactness and is more restrictive; it requires simply that the ﬁlter basis
involved in (∗) is not proper. Thus we are lead to the following deﬁnition.
Deﬁnition 6.1. Let (X,U) be a uniform space.
1) The uniformity U (or the uniform space X ) is said to be discretely precompact if there is a family (Ai)i∈ J of uniformly
discrete subsets of X such that for any family (Vi)i∈ J ⊂ U , there is a ﬁnite set L ⊂ J such that
X \
⋃
i∈L
V i[Ai]
is a precompact subset of X .
2) The uniformity U (or the uniform space X ) is said to be discretely compact if there is a family (Ai)i∈ J of uniformly
discrete subsets of X such that for any family (Vi)i∈ J ⊂ U there is a ﬁnite set L ⊂ J such that
X =
⋃
i∈L
V i[Ai].
Remark 6.2. As for (∗), equivalent deﬁnitions are obtained in 6.1 if (Ai)i∈ J is required to be the entire family of uniformly
discrete subsets of X . In particular, it is not a restriction to suppose that X =⋃i∈I Ai .
Examples 6.3. 1) Every compact uniform space (X,U) is discretely compact. To see that, let Ax = {x} for every x ∈ X and
consider the family (Ax)x∈X .
2) Every discrete uniform space is discretely compact. (A uniform space (X,U) is said to be discrete if the diagonal
of X × X belongs to U .) More generally, any uniformity on a set X which is generated by an equivalence relation R on X is
discretely compact; the required property in this case is satisﬁed by any family which includes a maximal uniformly discrete
subset X (i.e., a subset of X containing exactly one member from each R-class).
3) Every precompact uniform space is discretely precompact.
Proposition 6.4. Let (X,U) and (Y ,V) be two uniform spaces and denote by (X × Y ,W) their product. Suppose that U is discretely
compact with respect to (Ai)i∈ J and V is discretely compact with respect to (Bi)i∈L . Then W is discretely compact with respect
(Ai × B j)(i, j)∈ J×L .
Proof. Just follow the standard “topological” argument that compactness is stable under ﬁnite product. 
The easy proof of the following is omitted.
Proposition 6.5. Let (X,U) be a uniform space such that there is a ﬁnite sequence D1, . . . , Dn of U -discrete subsets of X such that for
every U ∈ U , the uniform subspace X \ U [⋃in Di] of (X,U) is discretely compact. Then U is discretely compact.
Example 6.6. Applying Propositions 6.4 and 6.5 we obtain that the metric Hedgehog space H(A) is discretely compact.
Indeed, it suﬃces to take D = {(a,0)} (for some a ∈ A) and note that for every ε > 0, the subspace H(A) \ {(b, t) ∈
H(A): dA((b, t), (a,0)) < ε} of H(A) is isomorphic to the product of the discrete uniform space A and the compact in-
terval [ε,1] which is discretely compact (Proposition 6.4).
The next result, concerning topological groups, provides us with an important class of discretely compact uniform spaces.
This assertion can be derived from a general statement to be given in Proposition 7.5; since the argument may obscure the
simple idea, we include the proof in this case. All concepts needed here related to topological groups can be founded in [11].
Proposition 6.7. Let G be a locally compact topological group and let U denote either the left uniformity Ul , the right uniformity Ur or
the lower uniformity Ul ∧ Ur . Then (G,U) is discretely compact.
Proof. Let K ⊂ G be a compact neighborhood of the unit of G .
1) The case U = Ul (the case U = Ur is similar): Let (by Zorn lemma) A ⊂ G be a maximal left K -discrete set (“left”
refers to the uniformity Ul). Then G = AK . For every k ∈ K , put Ak = Ak. Each Ak is left k−1Kk-discrete. We show that U is
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a ﬁnite set L ⊂ K such that K ⊂⋃k∈L kVk; it follows that G =
⋃
k∈L AkVk .
2) The case U = Ul ∧ Ur : Let A ⊂ G be a maximal set satisfying x /∈ K yK for every x = y in A. Then G = K AK ; moreover,
for each k, l ∈ K , the set Ak,l = kAl is uniformly discrete with respect to the entourage of Ul ∧ Ur corresponding to the
neighborhood kKk−1 ∩ lK l−1 of the unit. We show that U is discretely compact with respect to the family (Ak,l)(k,l)∈K×K .
To do that, let (Vk,l)(k,l)∈K×K be a family of neighborhoods of the unit of G . Since K is compact and
K × K ⊂
⋃
(k,l)∈K×K
Vk,lk × lVk,l,
there is a ﬁnite sequence (k1, l1), . . . , (kn, ln) in K × K such that
K × K ⊂
⋃
1in
Vki ,li ki × li Vki ,li .
Let x ∈ G . There exists i ∈ {1, . . . ,n} such that x = vikiali wi , where vi,wi ∈ Vki ,li and a ∈ A; consequently x ∈
Vki ,li Aki ,li Vki ,li . 
The following statement clariﬁes in a suitable manner the link between the concepts of discrete compactness and discrete
precompactness: It is the counterpart of the well-known fact that compactness (in uniform spaces) is the conjunction of
precompactness and completeness.
Proposition 6.8. A uniform space (X,U) is discretely compact if and only if it is complete and discretely precompact.
Proof. Suppose that X = (X,U) is discretely compact. Clearly, X is discretely precompact. Let F be a proper Cauchy ﬁlter
on X , let Fm be the (unique) minimal Cauchy ﬁlter contained in F and let us prove that Fm has a cluster point in X ;
this will imply that U is complete, see [2]. Recall that Fm = {U [F ]: U ∈ U , F ∈ F}. Let (Ai)i∈ J be any family of uniformly
discrete subsets of X with respect to which U is discretely compact. Suppose rather that ∅ =⋂{F : F ∈ Fm} and seek to
obtain a contradiction.
First, we prove that for each i ∈ J there is Gi ∈ Fm such that Ai ∩ Gi = ∅. Indeed, let V ∈ U be such that Ai is V -discrete
and choose F ∈ F and U ∈ U so that U [F ]×U [F ] ⊂ V ; then Ai ∩U [F ] contains at most one point. Since ∅ = ∩{F : F ∈ Fm},
there exist F ′ ∈ F and W ∈ U such that Ai ∩ U [F ] ∩ W [F ′] = ∅. Let Fi = F ∩ F ′ , Vi = U ∩ W and deﬁne Gi = Vi[Fi].
Next, taking a ﬁnite set L ⊂ J such that X =⋃i∈L V i[Ai], we obtain that
⋂
i∈L Gi = ∅, contradicting the fact that F is a
proper ﬁlter.
For the converse, suppose that X is complete and discretely precompact with respect to some family (Ai)i∈ J of uniformly
discrete subsets of X . The family (Ai)i∈ J can be taken so that X =⋃i∈ J Ai (see Remark 6.2). Let (Vi)i∈ J be any family of
open entourages of X . Choose (by discrete precompactness) a ﬁnite set J0 ⊂ I such that X \⋃i∈ J0 Vi[Ai] is precompact
(hence compact). If there is no ﬁnite set L ⊂ J for which X =⋃i∈L V i[Ai], then the sets of the form X \
⋃
i∈L V i[Ai], where
L is an arbitrary ﬁnite subset of J containing J0, are compact and form a base of a proper ﬁlter F . This ﬁlter must have a
non-empty intersection, which is a contradiction with the fact that
⋂F ⊂ X \⋃i∈ J Ai = ∅. Thus X is discretely compact. 
The expected fact that discrete compactness and discrete precompactness are distinct concepts follows now from Propo-
sition 6.8 (simply take a precompact non-compact uniform space).
Proposition 6.9. Let Y be a uniform space with a dense uniform discretely precompact subspace X. Then Y is discretely precompact.
In particular, the completion of every discretely precompact uniform space is discretely compact.
Proof. Let (Ai)i∈ J be a family of uniformly discrete subsets of X with respect to which X is discretely precompact. We
show that Y is discretely precompact with respect to (Ai)i∈ J . Let (Vi)i∈ J be a family of entourages of Y and for each i ∈ J
put Ui = Vi ∩ (X × X). There exists a ﬁnite set L ⊂ J such that the set E = X \⋃i∈L Ui[Ai] is precompact. To conclude, it
suﬃces to observe that the set Y \⋃i∈L V 2i [Ai] is contained in the closure of E in Y ; see the proof of Proposition 5.3.
The remaining of the statement follows from Proposition 6.8. 
The following is a counterexample to two plausible conjectures: discretely precompact uniform spaces are the subspaces
of discretely compact ones and discrete precompactness is stable under product.
Example 6.10. Denote by N the integers and by ω1 the ﬁrst uncountable ordinal. Let X = N × [0,ω1[ be the uniform
subspace of the product Y = N × [0,ω1], N being discrete and [0,ω1] endowed with the compact (usual) order topology.
It follows from Example 6.3 and Proposition 6.4 that Y is discretely compact. Clearly, X is the product of two discretely
precompact spaces and has a base of ﬁnite-dimensional uniform coverings. On the other hand, it is proved in [15] that X is
not H-minimal. It follows from Theorem 4.3 that X is not discretely semi-Cauchy hence not discretely precompact.
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Our goal in this section is to show that typical uniformities that are H-singular are in fact discretely precompact. Let us
ﬁrst make sure that discrete precompactness and discrete compactness are H-invariant. To do that, it will be suﬃcient to
establish the following:
Proposition 7.1. Let U and V be two proximally equivalent uniformities on X, with the same uniformly discrete sets. Then U is
discretely compact (respectively, discretely precompact) if and only if V is discretely compact (respectively, discretely precompact).
Proof. Note that U and V also have the same precompact sets. Let (Ai)i∈ J be a family of U -uniformly discrete subsets of X
with respect to which U is discretely compact (respectively, discretely precompact). The Ai ’s are V-uniformly discrete. Let
(Vi)i∈ J ⊂ V . Since U and V are proximally equivalent, for each i ∈ J there exists Ui ∈ U such that Ui[Ai] ⊂ Vi[Ai]. Choose a
ﬁnite set L ⊂ J such that X =⋃i∈L Ui[Ai] (respectively, such that X \
⋃
i∈L Ui[Ai] is U -precompact). Then X =
⋃
i∈L V i[Ai]
(respectively, the set X \⋃i∈L V i[Ai] is V-precompact since it is contained in X \
⋃
i∈L Ui[Ai]). 
Theorem 7.2. Every discretely precompact uniformity is H-singular.
Proof. Discrete precompactness is an H-invariant (according to Proposition 7.1) and is stronger than the property (∗). Thus,
it suﬃces to apply Theorem 4.3. 
In his paper [4], G. Hitchcock shows, among other things, that if a uniformity U on X is such that X is the union of
a compact subset C of P0(X) (with respect to τH (U)) such that every member of C is uniformly discrete, then U is H-
singular; see [4, Theorem 6]. It is easy to see that every uniform space satisfying this “compactness” condition is discretely
compact. The converse is false: to see this, take an inﬁnite discrete uniform space (X,U); then X is discretely compact (see
Examples 6.3) but since X is inﬁnite, Hitchcock’s condition is not satisﬁed.
The next statement follows from Example 6.6 and Theorem 7.2.
Corollary 7.3. The metric Hedgehog spaces are H-singular.
Corollary 7.4. Let G be a locally compact group. Then G is H-singular in the left uniformity, the right uniformity and in the lower
uniformity.
Corollary 7.4 (for the left or the right uniformity of G) is established in [14, Theorem 3] as a consequence of a general
statement bringing out a class of H-singular uniformities; see [14, Theorem 2]. The next proposition is inspired by this
last-mentioned result of Ward.
A collection H of functions from a topological space Y into a uniform space (X,U) is said to be k-equicontinuous if for
any compact set K ⊂ Y the restrictions of all members of H to K form an equicontinuous family of functions from K to X .
Let us note that when Y is a k-space, then H is k-equicontinuous if and only if H is equicontinuous, and this is equivalent
to say that H is equicontinuous when X is endowed with U p (see [3]). Consequently, in the next statement, with an
exception of (iii), the same conclusions about the uniformity U holds if U is replaced in the corresponding assumptions by
any uniformity which is proximally equivalent to U and having the same uniformly discrete sets as U .
Proposition 7.5. Let (X,U) be a uniform space, Y a topological space and H a k-equicontinuous collection of functions from Y into X.
Suppose that for every y ∈ Y , the set H(y) is U -discrete. Then:
(i) If there is a compact set K ⊂ Y such that X \ H(K ) is compact, then (X,U) is discretely compact.
(ii) If there is a compact set K ⊂ Y such that X \ H(K ) is precompact, then (X,U) is discretely precompact.
(iii) If for every U ∈ U , there is a compact set K ⊂ Y such that X \ H(K ) is U -modest, then (X,U) is discretely semi-Cauchy.
In particular, U is H-singular if either (i) or (ii) holds, and is H-coarse if (iii) holds.
Proof. We only prove (iii), items (i) and (ii) are similar. To do that, we show that the property (∗) is satisﬁed by the
collection (H(y))y∈Y (instead of (Ai)i∈I ). Let U ∈ U , choose for each y ∈ Y an arbitrary U y ∈ U and let us verify that for
some ﬁnite set L ⊂ Y the set X \⋃l∈L Ul[H(l)] is U -modest. Let K ⊂ Y be a compact set for which X \ H(K ) is U -modest.
For every y ∈ K choose a neighborhood V y of y in K such that (h(y),h(z)) ∈ Uk for every z ∈ V y , h ∈ H. Since K is
compact, there exists a ﬁnite set L ⊂ K such that K =⋃l∈L Vl . The set X \ H(K ) being U -modest, to conclude, let x ∈ H(K )
and let us verify that x ∈⋃l∈L Ul[H(l)]. There are h ∈ H and y ∈ K such that x = h(y). Choose l ∈ L so that y ∈ Vl; then
(h(y),h(l)) ∈ Ul , hence x ∈ Ul[H(l)]. 
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the next statement provides us with another well-known class of uniformities which behaves well toward this. Recall that
a uniform space (X,U) is said to be uniformly locally precompact if there is an entourage U ∈ U such that for every x ∈ X
the set U [x] is precompact.
Proposition 7.6. Let (X,U) be a uniformly locally precompact uniform space. Then the following are equivalent:
(1) U is H-singular;
(2) U is discretely semi-Cauchy;
(3) U is discretely precompact.
Proof. In view of Theorems 4.3 and 7.2, it remains to prove that (2) implies (3). Let (V i)i∈I ⊂ U be a family of entourages.
Choose U ∈ U such that U [x] is precompact for each x ∈ X . Then there exist two ﬁnite sets J ⊂ I and F ⊂ X such that X \⋃
i∈ J V i[Ai] ⊂ U [F ]. Since U [F ] is a ﬁnite union of precompact subsets of X , it is precompact; it follows that X \
⋃
i∈ J V i[Ai]
is precompact too. 
Recall that a uniformity U has a base of star-bounded uniform coverings if there is U ∈ U such that to each V ∈ U
corresponds an integer n so that every set E ⊂ X which is U -small (i.e., E × E ⊂ U ) and V -discrete, contains at most n
elements. See [5, p. 94]. Note that every such uniformity is uniformly locally precompact. It is proved in [15] that every
metrizable uniform space X with a basis of star-bounded uniform coverings is H-singular, provided that U is complete or
the cardinal of X is non-measurable. Combining this result with Propositions 7.6 and 6.8 we obtain the following, bringing
out one more class of uniformities that are H-singular because discretely precompact.
Proposition 7.7. Let (X,U) be a metrizable uniform space with a basis of star-bounded uniform coverings. If U is complete (respec-
tively, the cardinal of X is non-measurable), then (X,U) is discretely compact (respectively, discretely precompact).
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